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Asset-Liability Management in
Private Wealth Management

NOEL AMENC, LIONEL MARTELLINI, VINCENT MILHAU,

AND VOLKER ZIEMANN

ver the past decade, private

wealth management has become

a profitable business for banks and

asset managers around the globe.
According to the private banking and wealth
management survey conducted by Euromoney
in 2008, global private banking assets rose to
US$ 7.6 trillion in 2008 from US$ 3.3 trillion
the year before. The increase in assets currently
driving the wealth management market is cre-
ating greater opportunities for wealth advisors
to leverage new technology in order to acquire
new clients and grow profits. As a result, com-
petition 1s increasing among wealth advisory
firms to improve existing client relationships
and provide new tools to improve advisor
eftectiveness. While the private banking
industry 1s relatively well equipped on the tax-
planning side with tools to analyze the situa-
tion of high-net-worth individuals operating
oftshore or across muluple tax jurisdictions,
the software packages used on the financial-
simulation side typically sufter from significant
limitations and cannot satisty the needs of a
sophisticated chientele.

Most existing financial software packages
used by private bankers to generate asset allo-
cation recommendations rely on single-period
mean-variance portfolio optimization, which
cannot vield a proper strategic allocation for
at least two reasons. On the one hand, opti-
mization parameters (expected returns, volatil-
ities, and correlations) are defined as constant
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across time, a practice that is contradicted by
empirical observation and does not allow for
the length of the investment horizon to be
taken into account. On the other hand, and
perhaps more importantly, liability constraints
and the risk factors aftecting them, such as infla-
tion risk on targeted spending, are neither mod-
eled nor explicitly taken into account in the
portfolio construction process. Overall, the
process involved in dealing with a private client
typically leads to a detailed analysis of the clients
objectives, constraints, and risk aversion para-
meters, sometimes on the basis of rather sophis-
ticated approaches. Yet, it 1s striking that once
this information has been collected, and some-
times formalized, little is done in terms of cus-
tomizing a portfolio solution to the specific
needs of the client. Typically, the approach con-
sists of providing several profiles expressed in
terms of volatility or drawdown levels, with a
specification of how the capital will eventually
be accessed (e.g., annuity or lump-sum pay-
ment). The client’s specific objectives, con-
straints, and associated risk factors however, are
not taken into account in the design of the
optimal allocation. While some industry players
have recently developed planning tools that
model assets in a multiperiod stochastic frame-
work, asset-liability matching for individuals
remains an area for exploration. The objective
ot this article 1s to shed some light on new
forms of welfare-improving financial innova-
tion inspired by asset-liability management
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techniques that were originally introduced in the context
of institutional money management, but now have appli-
cations within a private wealth management context.

Asset-liability management (ALM) denotes the adap-
tation of the portfolio management process to handle the
presence of various constraints relating to the liabilities
of an investor. We argue that suitable extensions of port-
folio optimization techniques used by institutional
investors (e.g., pension funds) would be useful in the con-
text of private wealth management, because they have
precisely been engineered to incorporate an investors
specific constraints, objectives, and horizon into the port-
folio construction process. The investor’s constraints can
be summarized in terms of a single state variable, the value
of the liability portfolio. Although ours is a fairly stylized
model and important effects, such as taxes or mortality
risk, are not explicitly taken into account at this stage (see
our suggestions for further research), we believe 1t repre-
sents a significant normative step toward a better under-
standing of private wealth management decisions. In this
context, our article can be regarded as an attempt to pro-
vide a first step toward a rational framework for private
investors’ financial decisions, which extends standard port-
folio optimization techniques by recognizing that the var-
ious aforementioned factors seriously affect the optimal
allocation decision.

Our main contribution is to show that a significant
fraction of the complexity of optimal asset allocation deci-
sions for private investors can conveniently be captured
through the introduction of a single state variable—the
liability value—that can account in a parsimonious way
for investors’ specific constraints and objectives. Within
the framework of private wealth management, we use a
broad definition of liabilities that encompasses any com-
mitment or spending objective, typically self~-imposed as
opposed to exogenously imposed as in a pension fund
context, that an investor is facing. An example for an
investor committed to a real estate acquisition would be
a future commitment, or soft liability, for which money
must be available when needed.

Overall, it is not the performance of a particular tund
nor that of a given asset class that will be the determining
factor in the ability to meet a private investor’s expecta-
tions. The success or failure of meeting the investor’s long-
term objectives is dependent on an ALM exercise that
aims to determine the proper strategic inter-class alloca-
tion as a function of the investor’ specific objectives, con-
straints, and time horizon. In other words, the decisive
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factor will be the ability to design an asset allocation solu-
tion that is a function of the particular risks to which the
Investor 1s t:xp-::n:-:t:d, as {}ppﬂsed to the market as a whole.
Similarly, the concept of the risk-free asset is a function of
household time horizon and objective. Hence, a five-year
zero-coupon Treasury bond will not be a perfectly safe
investment for a private investor interested in a real estate
acquisition five years in the future. The actual risk-free
asset in this context (the liability-hedging portfolio) would
instead be an asset perfectly correlated with real estate
prices. More generally, an investor whose objective s related
to the acquisition of property would accept low and even
negative returns in situations when real estate prices sig-
nificantly decrease, but would not be satistied with rela-
tively high returns if such returns were not sufficient to
meet a dramatic increase in real estate prices. In such cir-
cumstances, a long-term investment in stocks and bonds,
which are weakly correlated with real estate, would not be
the right investment solution. In a pension context, absolute
return performance, often perceived as a natural choice in
the context of private wealth management, would not be
satisfactory for a private investor facing long-term infla-
tion risk, where the concern is capital preservation in real,
as opposed to nominal, terms. In other words, the first
benefit of the ALM approach 1s its impact on the menu
of asset classes, with a focus on assets that exhibit the highest
possible correlation to the liability portfolio.

Our article 1s related to the literature on long-term
financial decisions, beginning with the seminal work of
Merton [1969, 1971] that was further specialized to
encompass either uncertain interest rates (Campbell and
Viceira |2001], Brennan and Xia [2002], and Wachter
[2003]), or uncertain risk premia (Kim and Omberg [1996]
and Campbell and Viceira [1999]), or both (Brennan,
Schwartz, and Lagnado [1997], Lynch [2001], and
Campbell, Chan, and Viceira [2003]). These early articles
highlight some important aspects of life-cycle investing,
including the usefulness of real bonds for inflation-hedging
purposes, but, they ignore some of the key complexities
of private financial decisions. As emphasized in his AFA
presidential address, Campbell [2006] stated that “the study
of household finance is challenging because households
face a number of constraints not captured by textbook
models.”

A large number of more recent articles have subse-
quently focused on integrating various salient features of
private wealth management, including the impact of
human capital (see, for example, Bodie, Merton, and
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Samuelson [1992], Heaton and Lucas [2000], Viceira
12001], and Cocco, Gomes, and Maenhout [2005]), iliquid
real estate allocation (Sinai and Souleles [2005]), and bor-
rowing constraints on optimal allocation decisions. How-
ever, because they typically rely on standard expected
utility maximization of terminal wealth, these articles fail
to integrate a key dimension of private wealth manage-
ment, namely, that investment decisions should be designed
to help investors achieve certain predetermined objec-
tives, such as preparing for retirement or, earlier in the life
cycle, preparing for real estate acquisition. In a nutshell,
we argue that existing literature on household finance has
mostly taken an asset management perspective as opposed
to an asset-liability management perspective.! Several
authors have attempted to extend intertemporal selection
analysis to account for the presence of hability constraints
in asset allocation policy. A first attempt toward the intro-
duction of hability constraints in optimal portfolio selec-
tion theory was made by Merton [1993], who studied the
allocation decision of a university that manages an endow-
ment fund. Two examples of this particular strand of the
finance literature are Rudolf and Ziemba [2004], who
formulated a continuous-time dynamic programming
model of pension fund management in the presence of a
time-varying opportunity set, and Sundaresan and
Zapatero [1997], whose work also involved an endoge-
nous retirement decision.

Our work 1s an attempt to merge these two some-
what separate strands of the literature, namely, the litera-
ture on long-term financial decisions for private investors,
which has primarily adopted an asset-only perspective,
and the literature on asset-liability management decisions,
which has primarily been analyzed from an institutional
perspective (e.g., pension funds, insurance companies, or
endowments). We cast the long-horizon life-cycle invest-
ment problem within an asset-liability management frame-
work suitable for private wealth management, in order to
show that pursuing an asset-only strategy generally involves
a substantial opportunity cost. Broadly speaking, adopting
an ALM approach leads to defining risk and return in rel-
ative terms with respect to the liability portfolio, which is
a critical improvement over asset-only allocation models
that fail to account for the presence of various investment
and/or consumption goals and objectives, such as preparing
for retirement or for a real estate acquisition. As a result,
adopting an ALM approach leads to a focus on the lia-
bility-hedging properties of various asset classes, a focus that
is, by definition, absent from an asset-only perspective.
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The article is organized as follows. In the next sec-
tion, we introduce a formal stylized model of asset-liability
management for household financial decisions. Then, we
present illustrations of the usefulness of asset-liability man-
agement techniques within a household finance context,
focusing on a pension objective and a real estate acquisi-
tion objective. The conclusion, as well as suggestions for
further research, are 1n the last section.

A FORMAL MODEL OF ASSET-LIABILITY
MANAGEMENT IN PRIVATE WEALTH
MANAGEMENT

In this section, we will introduce a formal model of
asset-liability management and discuss its application within
a private wealth management context. This analytical
approach to ALM is appealing in spite of its highly stylized
nature because it leads to a tractable solution, allowing a
full and explicit understanding of the various mechanisms
affecting the optimal allocation strategy. In particular, the
three-fund separation theorem we obtain, typical of optimal
asset allocation decisions in the presence of stochastic state
variables, is a parsimonious way to capture some of the com-
plexity involved in private wealth management decisions.

Stochastic Model for Risk Factors
Impacting Asset and Liability Values

Based on a suitable econometric model, we provide
estimates for the short- and long-term dependencies
between the return on a set of asset classes and factors
impacting liability values. We rely on a stationary vector-
autoregressive (VAR) approach for modeling the joint
asset and liability return dynamic distributions, similar to
Campbell, Chan, and Viceira [2003] and Campbell and
Viceira [2005], extended to an asset-hability management
(see Hoevenaars et al. [2008]) tramework,

2, T WD+ & (1)

with 2z being a vector of risk factors impacting asset and
liability values, and € an error term whose distribution
needs to be specified.

On the asset side, our empirical analysis focuses on
a set of traditional and alternative asset classes. Stock
returns are represented by the CRSP Value-Weighted
Index. Commodities are proxied by the S&P Goldman
Sachs Commodity Index (GSCI). Real estate investments
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are represented by the FTSE NAREIT U.S. Real Estate
Index, which is a value-weighted basket of REITS listed
on the NYSE, AMEX, and NASDAQ. We thus limit the
opportunity set to liquid and publicly traded assets. Finally,
we add the returns of the 20-year constant-maturity
bond and three-month U.S. Treasury bill, both from the
CRSP database. Following the evidence from the exten-
sive literature on return predictability (see Stock and
Watson [1999], among others), we also add potential pre-
dictive economic variables to the set of endogenous vari-
ables by introducing the dividend vyield (see, for example,
Campbell and Shiller [1988], Hodrick [1992],and Camp-
bell and Viceira [2002]), the credit spread (the difference
between Moody’s Seasoned Baa Corporate Bond Yield
and the 10-year Treasury Constant Maturity Rate), and
the term spread (the difference between the 10-year
Treasury Constant Maturity Rate and the three-month
T-Bill rate). The dividend series for the value-weighted
stock index 1s obtained from CRSP and the dividend
yield is reconstituted as the cumulated dividends received
over the preceding four quarters divided by the current
price. All other economic variables are from Datastream.

On the liability side, we first consider a pension
objective with a focus of maintaining a target level of pur-
chasing power after retirement. As far as this objective 1s
concerned, the natural proxy for liability returns is the
return on a Treasury inflation-protected security (TIPS),
as the payoff of TIPS is governed by the cumulative infla-
tion over the time horizon. Unfortunately, an empirical
time series with a suthiciently long history is not available
for TIPS. We therefore construct a time series for a con-
stant-maturity Treasury inflaton-protected bond by using
the following inputs: constant-maturity nominal bond
returns (r") from CRSP, the median inflation forecast ()
from the Survey Research Center at the University of
Michigan, and realized inflation (71) as proxied by the U.S.
Consumer Price Index. The return on the TIPS port-
folio is denoted by " and given by

r I"

i s (2)

where A_is the inflation risk premia assumed to be 50 basis
points, which is consistent with Kothari and Shanken
[2004]. Note that the constructed nominal return incor-
porates an interest rate risk premium as the nominal
bond return, r’, accounts for the presence of a term

spread. The constant time-to-maturity for the bond 1s
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five years, and the five-year-ahead inflation forecast is
consistently used.”

The second example on the liability side relates to
real estate acquisition by an investor. We assume that the
liability return exactly coincides with the return on the
FTSE NAREIT Index. Obviously, this is a simplification
because the value of a unique property will not be per-
fectly correlated with the return on a broad REIT index,
which contains equity market exposure in addition to real
estate market exposure. We chose an investable proxy for
real estate returns because it will prove useful in the empir-
ical section to analyze a complete market setting in which
the risk tactors in hability returns are enturely spanned by
existing securities.

The vector of endogenous variables 2 in Equation (1)
contains 10 elements. Exhibit 1 presents summary statistics
for the corresponding time series of quarterly returns from
1962 Q1 through 2005 Q4. Sharpe ratios for all asset classes
are somewhat similar over the sample period with the
notable exception of long bonds, which are dominated on
a risk-adjusted basis. The summary statistics refer to arith-
metic averages over the empirical sample, but the analysis
that follows is designed to derive horizon-dependent
moments for the different asset classes.

To estimate the VAR model, we follow the proce-
dure of Hoevenaars et al. [2008], who imposed restric-
tions on the parameters. We begin by defining a core
system of equations in the VAR: consider the subvector
z, containing the excess returns on stocks and the long
bond, the return on the T-bill, the inflation rate, the credit

ExXHIBIT 1
Summary Statistics

~ Average Return Volatility Sharpe Ratio

Stocks 12.31 17.33 0.71
20Y Bond 6.19 10.29 0.60
Commodities 14.71 19.10 0.77
Real Estate 12.10 16.95 0.71
TIPS 5.00 6.23 0.80
3M T-Bill 6.82 1.51 s

Note: Summary statistics are calewlated from quarterly log returns from

1962 Q1 through 2005 Q4 for stocks, bonds, and T-Bills; from 1970 Q2
through 2005 Q4 for commodities; from 1972 Q2 through 2005 Q4 for
real estate; and from 1979 Q2 through 2005 Q4 for TIPS. All returns are
in excess of T-bills except the T-bill returns. Average returns and volatilities
are corrected for Jensen's inequality and are in annualized percentage
nrimbers.
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spread, the term spread, and the dividend yield. We esti-
mate an unrestricted VAR model for z, as

2 =¢!“J +¢1.|z|.r+£|1:

1,041

As a consequence, the variables that are not contained
in the core model have no impact on core variables. We
then define 2, as the complement of z,:z, thus contains the
excess returns on commodities, real estate, and the TIPS.
We then estimate the following regression system:

24 = Pyt Az + Bz, +D 2, T8,

These restrictions allow us to make use of the full
history of core variables, which covers the period from
1962 Q1 through 2005 Q4, even if the sample of non-
core variables 1s much smaller. Indeed, our return series
for commodities begins in 1970 Q2, while the return
series for real estate begins in 1972 Q2, and the series for
TIPS starts in 1979 Q2.°

We present the estimated matrix @, in Exhibit 2
and the residual correlations in Exhibit 3. The VAR-
implied dynamics for asset and liability returns are indeed
governed by these two parameter matrices. The VAR
modeling framework is particularly convenient in a port-

folio context, since 1t generates analytic expressions for
time-dependent variances and expected returns. The
model-implied first and second moments of compounded
returns can, in fact, be written as

where the matrix @, , 1s restricted to be diagonal as 1s the
covariance matrix of the error term, £,. These restrictions
imply that non-core variables have no eftect on each other
and that their innovations are independent. The matrices

A and B are not restricted. In particular, A accounts for . p o,
contemporaneous correlations between non-core vari- E [szm ] = ﬁ,: ]:[Z{r ~ k)YH®D, }D“
ables and core variables, so that we can assume the error k=1 H, k=)
terms, €, and &,,are uncorrelated. Finally, we can write the L i
restricted parameters of the VAR system (1) as + Z HO |z (3)
k=]
tI) q)li | (DI.] U
0= : = ; f A i
':D” y B+ Aq)u {DL_: "':i;.r’r (Z qu; J — ( E-:“ ﬂi;;_ J
> > A’ ke 2 il
Z = £.l £l - .r-
*lAZ., X + AT A : -1 -1
U " =z ( H(D}}EP[ZH‘-’I)’]) (4)
k=1 | \ i=1 i=1
EXHIBIT 2
Estimated VAR—®,
) 1 2 3 4 5 6 7 8 9 10
|  Stocks -0.06 0.17 -1.74 -071 140 028 0.06
2 20Y Bond -0.05 -0.07 055 044 -089 1.64 -0.02
3 3MT-BIl -0.00 -0.03 076 001 0.07 -0.11 0.00
4 CPI 000 -003 000 026 024 -022 0.0l
5  Credit Spread -0.00 -0.01 0.14 007 081 0.06 -0.00
6  Term Spread -0.01 -0.01 -0.11 -0.00 046 0.70 0.00
7 Dividend Yield -1.09 0.03 -094 020 -0.89 025 1.00
8 Commodities -0.01 0.0 -455 011 -1.76 -140 0.04 -0.03
9  Real Estate -0.06 -0.06 -0.14 057 353 1.60 0.0l =0.04
10 TIPS -0.06 -0.03 089 -0.39 -020 0.62 -0.01 —0.28

Note: Quarterly returns from 1962 Q1 to 2005 Q4 are fitted to the VAR system in Equation (1). Blank elements are zero by construction of the VAR.
All returns related to tradable assets 1, 2, 8, 9, and 10 are in excess of T-bills.
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ExXHIBIT 3

Correlation Matrix of Residuals &

Stocks

20Y Bond

3M T-Bill

CPI

Credit Spread

Term Spread

Dividend Yield

Commodities

Real Estate
TIPS

I©OWOor I bW —

| 2 3 4
0.08

020 0.5

-0.12 028  0.00
-027 -034 006 0.0l
-0.00 067 022 -0.17
0.00 007 023 —0.17
-0.02 -0.08 002 027
0.11 000 -0.16 -0.22
005 0.10 011 0.2
-0.18 —0.00 0.12  0.18

5 6
0.00

-0.03 0.0

-0.13 -0.15

-0.06  0.06
0.09  0.07

-0.05  0.01

7 8
0.02
-0.02  0.09
0.03 -0.02
-0.14  —0.06

9

0.08
—0.00

10

0.03

Note: Quarterly returns from 1962 Q1 to 2005 Q4 are fitted to the VAR system in Equation (1). Off-diagonal elements are correlations, and diagonal
clements are standard deviations. All returns related to tradable assets 1, 2, 8, 9, and 10 are in excess of T-bills.

ExXHIBIT 4
Term Structure of Risk
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Note: This exhibit plots the volatility implied by the VAR model of the nominal return on each asset class, as a function of investment horizon.
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Here, JU-;-! 1s the vector of expected returns on assets,
and M is the (scalar) return on the liability portfolio
(inflation-linked or real estate—related) for a horizon
equal to T years. E-‘: 1s the asset covariance matrix for the
T-year horizon, O ‘,' “is the vector of covariances between
the asset classes and the liability portfolio, and o is the
lability variance for a horizon equal to T years. Z_ denotes
the residual covariance matrix. Finally, H 1s a matrix that
selects the vector of excess returns on the assets and the
liability from the state vector z.

Exhibit 4 depicts the horizon-dependent annual-
ized volatilities derived from the fitted parameters and
implied by the VAR system (see Equation (4)). Consis-
tent with the findings of Campbell and Viceira [2001], we
find that equity markets are less risky in the long term.
This effect 1s explained by the presence of implied mean-
reversion in stock returns. Indeed, dividend yields are

widely documented to exhibit significant predictive power
for stock returns (see, for example, Campbell and Viceira
12001]). On the one hand, innovations to dividend yields
and stock returns are negatively correlated (see Exhibit 3).
On the other hand, lagged dividend yields are positively
correlated with contemporaneous stock returns (see
Exhibit 2), which leads to a smoothing effect for past
innovations. In contrast, we find that investing in T-bills
generates a higher annualized volatility as the investment
horizon increases due to the uncertainty involved in rolling
over short-term debt in the presence of stochastic interest
rates. Exhibit 4 also shows that the term structure of volatl-
ities implied by the VAR model is upward sloping for real
estate and commodity investments.

Exhibit 5 displays the correlations of the various asset
classes with the Consumer Price Index as functions of time
horizon. It appears that the inflanon-hedging properties of

EXHIBIT 5
Term Structure of Correlations with Realized Inflation
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Note: This exhibir plots the correlation implied by the VAR model between nominal returns on the asset classes and realized inflation, as a function of invest-

ment horizon.
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the various asset classes depend on the horizon. For instance,
T-bills have a negative correlation with realized inflation
over short horizons, but the correlation becomes positive
and relatively high over horizons exceeding 10 years. Stocks
display a negative correlation with inflation in the short run,
but have good inflation-hedging properties over horizons
that exceed 20 years. Our finding of a negative short-term
relationship between expected stock returns and expected
inflation is consistent with previous empirical findings on
the subject (see Fama and Schwert [1977], Gultekin [1983],
and Kaul [1987],among others) and is also consistent with
the intuition that higher inflation leads to lower economic
activity, thus depressing stock returns (e.g., Fama [1981]).
In contrast, higher future inflation leads to higher divi-
dends and thus higher returns on stocks (Campbell and
Shiller [1988]), and thus equity investments should offer sig-
nificant inflation protection over longer horizons, a fact
that has also been confirmed by a number of recent empir-
ical academic studies (Boudoukh and Richardson [1993]
and Schotman and Schweitzer [2000]).

Overall, these findings suggest that utilizing a stan-
dard one-period optimization model, as 1s typically done
in private wealth management, 1s an oversimplification
that does not allow investors to benefit from life-cycle
effects induced by time-varying opportunity sets. In the
next subsection we will formally confirm that optimal
allocation decisions are a function of time horizon and
cannot be captured in the context of a static portfolio
optimization exercise. We will also argue that not taking
into account the presence of liabilities leads to a substan-
tial opportunity cost.

Life-Cycle Investment Decisions
in Asset-Liability Management

In a dynamic asset allocation model, it 1s customary
to assume that the preferences of the investor are expressed
in terms of expected utility of terminal asset value,

max B[ u(A, )] (5)

(]

where T is the investor’s time horizon. One problem with
this objective is that it fails to recognize that targeted (lia-
bility) payments are scheduled beyond horizon T. One
approach to this problem is recognizing that terminal wealth
at horizon T i1s a combination of a long position in the
asset portfolio with value A and a short position in the

Fare 2009

liability portfolio with value L. Another approach to
account for the presence of hability payments beyond the
horizon is the introduction of a related state variable, the
funding ratio, defined as the ratio of assets to habilities,

F =2 (6)
! et )
i L:

which is well defined if L, is not zero. This quantity is
commonly used in pension fund practice, where a fund
is said to be overfunded when the funding ratio 1s greater
than 100%, to be fully funded when the funding ratio
equals 100%, and to be underfunded when the funding
ratio is lower than 100%. From an interpretation stand-
point, focusing on the funding ratio amounts to using the
liability value process (L), as opposed to the bank
account for the numeraire, an approach that has been used
by van Binsbergen and Brandt [2007],and which we adopt
in our analysis.

We take u to be the constant relative risk aversion
(CRRA) utility function, defined as

2"

u(x)= for x > ()
=Y

u(x)=—o0 forx <0

where ¥ lies in [1,00]. It ¥ = 1, we obtain the logarithmic
utility function.

With the additional assumption of log-normal return
distributions, the portfolio choice model collapses into a
mean-variance problem,

| et _ s
max ¢ E| — = max? E[r, |+ —T’—W[r{' ] (7)
@ -y ® f 2 :

with 7, as the T-period forward-looking log funding ratio
return such that F, = ehp(r‘f} and ¥ as the level of rela-
tive risk aversion. In the absence of log-normal returns,
this approach can also be justified by a second-order
approximation (see Campbell [1993, 1996] or Campbell,
Chan, and Viceira [2003] for details).

Analyzing the preceding program for different levels
of relative risk aversion coincides with analyzing the mean-
variance efficient frontier of the terminal funding ratio
or the T period funding ratio return. Portfolios on the
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efficient frontier are thus the solutions to the following
program:

2 d "
min EW (r.) 8)

st E(rl)=u;

F . . . ’
where I is an achievable target funding ratio return. The
Lagrangian for this program is given as

[ = %v (r))— AE(r,)— Hy) (9)

Transparent from Equations (3) and (4), the first and
second moments in Equation (9) can be derived from the
VAR model and exhibit an explicit dependency with
respect to time horizon. Assuming a fixed-mix allocation
@ for a given time-to-maturity T, and discretizing [to’s
lemma (see details in Campbell, Chan,and Viceira [2003]),
we can write the log funding ratio return as

5 1 g
r=a [rf'.* + ;cr.;.' ] =30 Xi0—r, (10)

with X7 as the covariance matrix, O its diagonal, r the
vector of the asset log returns, r, the log liability return,
and @ the vector of the asset portfolio weights.* All returns
are expressed as excess returns over T-bills.

Using Equation (10), we obtain the VAR-imphed
annualized expected funding ratio return,

7 2 2

E(r )= i[m{p.ﬁ 4 lcr.;‘.' ] - %m’zj'm - p.ji] (11)

A . A . F ’
where 0 =diag(Z; ). Further, noting that r, =(%) 1‘-1"..1".1,.1
we derive from Equation (4) the annualized funding ratio
return variance as

i
V()= =l 0'Z o -20'0;" +0;] (12)

Substituting Equations (11) and (12) into Equation (9),
we obtain the VAR-implied Lagrangian equation for mean-
variance ALM efhcient portfolios,
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l ,, 1
L(@.A)=-0Zi0- 00" + ;r:r.jt

: 1 L e _
_ A[m (y.f. +;ﬂ.;.]—~;m Ti0— U — ,uj]
(13)

The first-order condition leads to the following
description of mean-variance efficient portfolio weights:

Q=a(Z2)" [ W'+ %ﬂ'.f.' ] +(1-a)(Z) o (14

with o = ﬁ Given that A 2 0, the result implies that
€ [0,1]. We thus obtain a fund separation theorem
that allocates a fraction, @, of the wealth to the perfor-
mance seeking portfolio (PSP) and a fraction, 1 — &, to
the lhability-hedging portfolio (LHP).” The efficient
frontier can then be drawn by letting & vary between
zero (which allocates 100% investment to the LHP) and
one (which allocates 100% investment to the PSP), and
plugging Equation (14) into Equations (11) and (12) in
order to derive implied expected returns and implied
volatilities, respectively.

We may compare these portfolio allocations to
mean-variance efficient portfolios of an asset-only investor
who does not take the presence of liability streams into
account. As a consequence, the investor focuses on asset

returns only, and r.:.' in Equation (10) becomes

] |
E; =::.g;|"'[r1'.‘I +;ﬂ'.f}— ;m’}::,".m+ r:;" (15)

. R S o :
with 7 equal to the return of the risk-free asset (T-bills,
in this setting). The expectation in Equation (11) thus
becomes

2 I -'} I

L __J L

E(r,.]=m{rf +lﬂ'_'*.'J—lw’Z:*.m+pf (16)

while the variance in Equation (12) can now be given by

V(r,)=0'2 0+ 200" + 0, (17)
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AR : ;
where O, is the covariance vector of the assets with

the risk-free asset at horizon T and ﬁf-}"-m and ﬂ'f the
corresponding mean and variance of the risk-free asset.
Accordingly, we can solve the Lagrangian for the asset-
only problem and obtain the set of mean-variance efti-
cient portfolios @ as

O=0(Z))" | u + %ﬂ.;_' —(1—a)(ZN) '™ (18)

Again, we obtain a separation result that involves
the performance-seeking portfolio as well as a porttolio
that captures hedging demand against unexpected changes
in interest rate levels (this 1s the second term in the right
side of Equation (18)). Such demand was not present in
Equation (14). Because the funding ratio is the ratio of
assets over habilities, the impacts of changes in interest
rate levels on the numerator and the denominator cancel
out, such that the risk-free rate does not appear in Equa-
tion (10). In the empirical section that follows, we will
study the behavior of suboptimal strategies (both in the
AM and the ALM sense) where the hedging demand in
Equation (18) is simply ignored in order to analyze the
opportunity costs involved in following a purely myopic
portfolio strategy. It should be noted that the portfolios
in Equation (18), although efficient in an asset manage-
ment sense, are not efficient in the ALM space. We will
provide, in the following section, ample evidence of the
efficiency/ opportunity cost of not taking the presence of
liabilities into account in a private wealth management
context.

As we have previously argued, our analysis of the
life-cycle component of long-term investment decisions
provides for asset allocation decisions to be dependent
upon the investor’s time horizon, a dimension not cap-
tured by standard static optimization problems. Although
a significant improvement, our approach, which directly
follows the seminal work of Campbell, Chan,and Viciera
[2003], does not provide the most general form of asset
allocation strategies. In fact, three extensions of standard
static portfolio allocation models allow for 1) time-
horizon dependencies, 2) purely deterministic time
dependencies, and 3) time- and state-dependencies.
These advances were pioneered by Merton [1969, 1971],
who opened a world of opportunities for more subtle
dynamic asset allocation decisions involving intertem-
poral adjustments to the asset mix.
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The calculation of optimal intertemporal porttolios
is, however, typically very challenging—both analytically
and numerically—when the number of state variables
exceeds one or two. Therefore, we employ the first exten-
sion for simplicity and tractability, focusing on allowing
investors with different time horizons to hold different
optimal portfolios. The second extension (time depen-
dency without state dependency)—while seeming to ofter
a good compromise between the conflicting objectives
of generality and tractability and often used in the con-
text of so-called target-date funds—cannot be rationalized

within a formal asset allocation model (see, for example,
Viceira [2007]).

EMPIRICAL ILLUSTRATIONS
OF THE BENEFITS OF AN ALM APPROACH
IN PRIVATE WEALTH MANAGEMENT

In the empirical applications 1n this section, we will
distinguish between a pension-related objective and a
real estate acquisition objective to highlight the impor-
tance of properly identifying the appropriate benchmark
liability and its impact on optimal portfolios. The nature
of the liability stream raises the question of whether a per-
fect hedge against unexpected shocks in the liability asset
is available and how the liabilities should be modeled. In
the case of a pension-related objective, it is appropriate
to assume that the contractual pension is written in real
terms with an actual payment indexed with respect to
inflation. In the case of an acquisition of real estate, sev-
eral real estate-related indices are suitable candidates for
the liability benchmark. Thus, to explicitly distinguish
between the complete and the incomplete market case,
we chose to proxy real estate prices by an investable
REIT index.

The illustrations that follow are highly stylized in
nature; a number of additional dimensions would have to
be addressed in the context of a real-world application
of the framework developed in this article. Among these
additional dimensions is the need to account for the
presence of various tax schedules for different forms of
investment. We expect that accounting for differential
tax treatment will impact the optimal allocation deci-
sions in a complex manner. [t would also be desirable
to account for the presence of a variety of constraints
(e.g., maximum drawdown limits) and objectives (e.g.,
bequest motives) that extend beyond the standard
expected utility maximization framework used in this
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article, and which have been found to be relevant to
private investors. Finally, one would need to take into
account the presence of flexible contribution and con-
sumption schedules, versus assuming one or several pre-
defined contributions and withdrawals as this analysis
does. Designing a general asset allocation model that
incorporates realistic tax treatment, a variety of risk bud-
gets, and flexible endogenous contribution and liability
schedules 1s a very desirable objective, but one that cannot
be achieved in the context of an analytical model such
as the one proposed in this article. Our results are derived
under a number of simplifying assumptions, but a
number of useful insights can still be gained from our
analysis, 1n particular, that failing to adopt an ALM
approach for long-term investment decisions and sticking
to the sub-optimal asset-only perspective, will generate
very substantial opportunity costs for the private investor.

Pension-Related Objective

In this subsection, we focus on a pension objective
and consider a 65-year-old wealthy individual who 1s
retired.” His/her goal is to ensure inflaion-protected pen-
sion payments, which we normalized at 100 with no loss
of generality, at a given horizon date T (we consider T =
1,5, 10, and 25 years, respectively). To achieve this goal,
the individual 1s prepared to invest a fixed amount of
money. We assume that the funding ratio at retirement
date 1s 100%. For each given time horizon, we derive four
different efficient frontiers corresponding to 1) the AM
objective in Equation (18) where the menu of asset classes
does not include the pertect hability-hedging asset and
the investor mistakenly uses a short-term one-year horizon
when the actual horizon is T years and ignores the hedging
demand against interest rate risk (AM SH, or “AM with
short horizon™); 2) the AM objective in Equation (18),
where the menu of asset classes does not include the per-
fect liability-hedging asset, but the investor uses the true
horizon T'when computing the parameters (AM LH, or
“AM with long horizon™); 3) the ALM objective in
Equation (14), with proper treatment of horizon T, but
without the perfect hability-hedging asset in the menu
of asset classes (ALM—, or the “incomplete market case™);
and 4) the ALM objective in Equation (14) with proper
treatment of horizon T and with the perfect liability-
hedging asset (an inflation-linked bond) in the menu of
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asset classes (ALM+, or the “complete market case,”
because the menu of tradable assets is sufhiciently rich to
allow for a perfect hedge of liability risk).

The first asset-only approach 1s consistent with the
static approach used in standard asset allocation exercises.
The second ethicient frontier 1s an improvement because
it allows for time-horizon dependencies, but 1t still fails
to account for the presence of labilities. The third efh-
cient frontier accounts for both the time horizon and the
presence of liabilities, but does not integrate new asset
classes with specific hability-hedging properties. The fourth
efficient frontier depicts an asset allocation decision that
accounts for time-horizon effects and the presence of lia-
bilities and has a specific hability-hedging asset introduced
into the asset mix. Separate analysis of the ALM— and
ALM+ portfolios allows us to disentangle the two main
benefits of the ALM approach, namely, the benefits due
to assessing risk and return with respect to the lability
benchmark, on the one hand, and the benefits related to
the introduction of a hability-hedging instrument, on the
other.

We first focus on the benefits obtained by taking
into account the investment horizon as opposed to using
a standard static model in an asset-only context. To do
this, we compute for allocations 1) and 2) the expected
value and the variance of the log return on the asset port-
folio, following Equations (16) and (17), respectively. We
then let @ vary over the interval [0, 1] to obtain a repre-
sentation of these strategies in the AM space, as shown in
Exhibit 6. By definition, the AM LH strategy dominates
the AM SH strategy in the mean-variance sense, except
for the case of a one-year horizon where they are math-
ematically equivalent. In fact, for T'= 5 or 10 years, the
performance of the AM strategy with a short horizon is
quite similar to that of the AM strategy with a long
horizon. Yet, when the horizon 1s very long (T = 25 years),
the opportunity cost of using a static optimization model
with a short-term objective is quite substantial.

We then move to an analysis of the additional ben-
efits induced by accounting for the presence of liabilities
in addition to the mvestment horizon. To do this, we
obtain expected (log) funding ratios according to Equa-
tion (11) and variances for (log) funding ratios from Equa-
tion (12) for each set of eflicient portfolios corresponding
to the situations 2), 3), and 4). Assuming normality of the
log returns in Equation (1) and denoting #' = E(r;) and
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EXHIBIT 6
Mean-Variance Efficient Portfolios in the AM Space
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Note: These figures plot the efficient frontiers in the (Elr,), olr,]) diagram, where r,. denotes the return on the asset portfolio after T years, as computed in
Equations (16) and (17). These frontiers are obtained by letting o vary from zero to one in Equation (18). In the AM LH situation, the investor has a
“long-term” horizon equal to T years, while in the AM SH case she applies Equation (18) by mistakenly assuming that T = 1 year.

F : .
o' =V(r), we can derive the expected value and the
variance of the funding ratio as

!

E(FR)=¢

I

g (19)

V(FR) = (¢ — 1)(e** ') (20)

We let @ vary in Equations (14) and (18) from
zero to one and use Equations (19) and (20) to plot the
efficient frontiers for various investment horizons.
Exhibit 7 shows the three frontiers (ALM with TIPS,
ALM without TIPS, and AM SH without TIPS) when
the investor goal is based on pension payments related
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to the Consumer Price Index for four different time
horizons (1, 5, 10, and 25 years). The myopic strategy
AM SH is strongly dominated by ALM-efhicient port-
folios, especially when the menu of asset classes avail-
able to the ALM investor includes inflation-linked
bonds. To get a better sense of the magnitude of the
outperformance of ALM-efficient portfolios with
respect to asset-only efficient portfolios, Exhibit 8 pre-
sents summary statistics for three portfolios on the effi-
cient frontiers in Exhibit 7, corresponding to low,
medium, and high target expected returns, respectively.
We consider three levels of annualized expected return
on the funding ratio, namely, 5%, 10%, and 15%. Short-
fall probabilities, P(FR < 1), are simply derived from
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EXHIBIT 7

Mean-Variance Efficient Portfolios in the ALM Space CPI-Indexed Returns
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Note: These figures plot the efficient frontiers in the (Elr; 1,017, 1) diagram, where Blr, | and or, | denote the annualized expected value and standard
deviation of the log funding ratio after T years, respectively as computed in Equations (11) and (12), ALM+ and ALM- are obtained by letting o vary from
zero to one in Equation (14). ALM+ refers to the complete market case where TIPS are available for trading, while ALM= refers to the incomplete market
setting. AM SH is obtained by mistakenly assuming that T = 1 year and letting o vary from zero to one in the myopic portfolio rule.

. F .
the relation P(FR < 1) = P(*; < 0), which under the
assumption of Gaussian returns can be written as

P(r, <0)=®| - H (21)

g

with @ being the cumulative density function of the stan-
dard normal distribution. Expected shortfalls can be

derived 1n analytical form from the Black-Scholes for-
mula as follows.’

First, we can decompose the expression for the put
price as
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E[ e max(K - s.,.,t})] =" KP(S, < K)
— e E(S 1 )
=¢ " KO(—d,)—S,P(—d,)
(22)

Second, we know that the expected shortfall ES can
be written as

E(SI' 1{5, -:;-.:}}

(23)
P(S.. < K)

ES=1-E(S, |S, <K)=1-
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EXHIBIT 8
Efficient Portfolio Summary Statistics, CPI-Indexed Returns

e ———— =

. LOW MEDIUM HIGH
(Years) ALM+ ALM- AMSH | ALM+ ALM- AMSH | ALM+ ALM- AMSH
E[rF] 5.00 5.00 500 | 10.00 1000 1000 | 1500 1500  15.00
| o[ry] L 6.71 1089 1098 | 1412 1890 1899 | 2246 28838  28.90
P(FR<1) | 2277 3232 3243 | 2391 2986 2990 | 2522  30.18  30.19
ES 3.76 6.71 6.77 776 1088 1093 | 1206 1590 1592
E[r%] 5.00 5.00 500 | 10.00 10.00  10.00 | 15.00 15.00 15.00
s | olrf] 6.83  11.64 1221 | 1442 2053 2181 | 2301 3189 34386
P(FR<1) | 23.18 3338 3415 | 2436 3129 3235 | 2572 3191 3335
ES 3.85 7.23 7.62 796 1191 1272 | 1240  17.63 19.29
Elry] 5.00 5.00 500 | 1000 1000 1000 | 1500 1500  15.00
o | olrrl 657 1148 1232 | 1385 1998 2206 | 22.00 30.78  35.29
P(FR<1) | 2241 3316 3423 | 2351 3087 3250 | 2478 3129 3355
ES 3.67 7.12 7.69 7.58 11.57  12.87 | 11.78  17.00  19.52
E[rk] 5.00 5.00 500 | 10.00 1000 1000 | 1500  15.00  15.00
»s | O[rf] 643 1123 1230 | 1343 1940 2207 | 21.16 2949 3549
P(FR<1) | 21.72 3285 3426 | 2276 3030 3255 | 2395 3053  33.62
ES 3.56 6.95 769 | 730 1119 1288 | 1126 1626  19.63

Note: Expected returns, Bl r + 1, and return volatilities, ©1r; |, are annualized percentage values. Shortfall probabilities, P(FR < 1), and expected shortfalls, ES,
are derived from closed-form formulas presented in Equations (21) and (23) and are expressed as percentage values. Nine different setups are studied. ALM+
refers to the ALM objective function under complete market conditions. ALM= denotes the same objective function in incomplete markets, that is, without TIPS,
and AM SH is a situation in which the weights follow the myopic portfolio rule, assuming that T'= 1 year and ignoring the presence of a liability. LOW,
MEDIUM, and HIGH refer to exante fixed annualized expected returns on funding ratios of 5%, 10%, and 15% respectively.

Noting that 4" and ¢ are annualized parameters
and setting S, =FR,S, =,K=l,r=p" + 10", T =1, we
can obtain the expected annualized shortfalls from Equa-
tion (22) and Equation (23) as

,LI!'I+11£II
¢! 7 D(—d,)
D(—d,)

ES=1-E(FR|FR <1)=1- (24)

with

_M to

1 '\/ﬂ'_, y U =

Exhibit 8 shows that for a given expected funding
ratio, the optimal allocation in the ALM sense dominates
optimal allocations in an AM sense in terms of the risk
perspective; this holds whether risk is measured in terms
of funding ratio volatility, expected shortfall, or proba-
bility of shortfall. The result is more pronounced for the
more risk-averse investor, which is not surprising given

d
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that an AM perspective cannot deliver a sound risk min-
imization strategy with respect to the hability benchmark.
We also obtain that the effect is more pronounced for
longer horizons, which is the typical case in a pension-
related context. We also confirm that ALM strategies in
complete market environments (i.e., when the inflation-

linked bonds are included in the asset mix) strongly dom-
inate the corresponding ALM strategies in the absence of
a perfect liability-hedging instrument. For example, in the
case of a 25-year horizon and a high (15%) expected
return target, the volatility of the funding ratio is 21.16%
for the ALM strategy in complete markets and 29.49% in
an incomplete market, versus 35.49% for the AM strategy.

Exhibit 9 gives the composition of the efficient
portfolios for the three strategies, ALM+, ALM~ and AM
SH, when the target expected funding ratio is low, high,
or medium. We find a substantial amount of leverage in
some cases, an effect that is larger when a high expected
funding ratio 1s targeted, implying a more aggressive
strategy. When comparing the ALM— and AM SH allo-

cations, we find that the allocation to stocks 1s smaller 1n
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EXHIBIT 9
Efficient Portfolio Allocations, CPI-Indexed Returns

Hotizon Low MEDIUM HIGH
(Years) ALM+ ALM- AMSH | ALM+ ALM- AMSH | ALM+ ALM- AMSH

Stocks 0.16 0.07 0.14 0.33 0.22 0.28 0.53 0.40 0.45

Long Bond 0.09 0.28 0.20 0.20 0.46 0.39 0.32 0.68 0.62

| Commodities 0.30 0.43 0.41 0.63 0.83 0.81 0.99 1.30 1.29
Real Estate 0.04 0.08 0.07 0.09 0.14 0.13 0.14 0.22 0.21

TIPS 1.50 0.00 0.00 2.06 0.00 0.00 2.69 0.00 0.00
T-Bills ~-1.09 0.14 0.18 -2.30 .65 —0.62 -3.66 -1.59 -1.56
Stocks 0.25 0.17 0.14 0.52 0.44 0.28 0.84 0.76 0.47

Long Bond —0.08 0.09 0.19 —0.18 0.07 0.39 —0.28 0.05 0.65

5 Commodities 0.25 0.38 0.40 0.53 0.74 0.81 0.85 1.18 1.34
Real Estate 0.11 0.22 0.06 .23 0.41 0.13 0.36 0.63 0.21

TIPS 1.63 0.00 0.00 2.32 0.00 0.00 3.11 0.00 0.00
T-Bills —-1.15 0.13 0.20 —2.43 —0.65 —0.61 —3.88 —-1.62 —1.66
Stocks 0.32 0.20 0.14 0.67 0.61 0.28 1.07 1.04 0.47

Long Bond —0.12 0.01 0.19 -0.25 -0.08 0.39 -0.40 —0.18 0.65

10 Commodities 0.23 0.36 0.40 0.49 0.69 0.81 0.79 1.09 1.34
Real Estate 0.11 0.23 0.06 0.23 0.42 0.13 0.37 0.64 0.21

TIPS 1.62 0.00 000 | 231 0.00 0.00 3.09 0.00 0.00
T-Bills ~1.16 0.14 020 | -2.46 .64 -0.61 -3.90 ~1.60 ~1.66
Stocks 0.43 0.42 0.14 091 0.92 0.28 1.43 1.52 0.47

Long Bond —0.11 -0.03 0.19 —0.24 —0.13 0.39 —0.37 —0.25 .65

75 Commodities 0.22 0.32 0.40 0.45 0.62 0.81 0.71 0.98 1.34
Real Estate 0.11 0.23 0.06 0.23 0.41 0.13 0.37 0.63 0.22

TIPS 1.61 0.00 0.00 227 0.00 0.00 3.00 0.00 0.00
T-Bills -1.26 0.06 0.20 -2.63 -0.82 -0.61 —4.14 —1.88 —1.68

Note: This exhibit displays the optimal weights allocated to the various asset classes in different contexts. LOW, MEDIUM, and HIGH refer respectively to a
target annualized expected return of 5%, 10%, and 15%. ALM+ refers to the complete market case, where the investor chooses the weights according to formula
(14) and has access to TIPS as an asset class only in the hedging part of her portfolio, ALNM= refers to the incomplete market case, where she chooses the weights
according to the same formula but has no access to TIPS, and AM SH refers to the case where she chooses the weights following the myopic portfolio rule,

assumes that T = 1 year and cannot trade in TIPS,

ALM- than in AM SH for the short horizon T = 1 year.
This is in line with the findings presented in the exhibits
that suggest stocks have poor hedging properties against
inflation in the short run and have substanual voladlity
(see Exhibit 4). As a result, this makes them relatively
undesirable in the hability-hedging portfolio. In contrast,
when the horizon lengthens, the inflation-hedging prop-
erties of stocks improve and the annualized volatility
decreases, making the allocation to stocks higher in ALM-
compared to AM SH. This effect is most visible for the
longest horizon (T = 25 vyears) and the least risk-averse
investor, where the weight allocated to stocks is multi-

plied by three.
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These results are likely to underestimate the inflation-
hedging properties of various asset classes, such as stocks,
and quite different results would be obtained in the con-
text of a more general model that allowed for the pres-
ence of long-term co-integration relationships. Using a
vector error correction model (VECM), Amenc,
Martellini, and Ziemann [2009] showed that novel forms
of investment solutions, including equities, commodities,
and real estate, in addition to inflation-linked securities,
can be designed to decrease the cost of inflation insurance
for long-horizon investors. As a result, it is important to
emphasize that investing in inflation-linked instruments
1s neither the only, nor necessarily the most, cost efficient
manner to obtain protection with respect to inflation
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uncertainty. Indeed the capacity of the inflation-linked
securities market is not sufficient to meet the collective
demand of institutional and private investors and the OTC
inflation-linked derivatives market used by institutional
money management is probably not a natural alternative
to inflation-linked bonds for private investors. In addi-
tion, real returns on inflation-protected securities, nega-
tively impacted by the presence of a significant inflation
risk premium, are typically very low which implies that
investing in inflation-linked securities, when feasible, is a
costly option for pension-hedging motives.

Our results strongly suggest that failing to adopt an
ALM approach to long-term investment decisions involves
a significant opportunity cost. Qur results also suggest that
introducing investment vehicles, which enjoy attracuve
liability-hedging properties, into the menu of asset classes
has the potential to add substantial value to investment
decision making.

Real Estate Acquisition Objective

We now consider an investor who wishes to invest
either a single contribution or a stream of contributions

EXHIBIT 10

Mean-Variance Efficient Portfolios in the ALM Space, RE-Indexed Returns
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Note: These figures plot the efficient frontiers in the (Elr, .01, ]) diagram, where Blr, | and o[r] | denote the annualized expected value and standard
deviation of the log funding ratio after T years, respectively as computed in Equations (11) and (12). ALM+ and ALM- are obtained by letting ¢ vary from
zero to one in Equation (14). ALM+ refers to the complete market case where real estate is available for trading, while ALM— refers to the incomplete market
setting. AM SH is obtained by mistakenly assuming that T = 1 year and letting ¢ vary from zero to one in the myopic portfolio rule.
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for a future expenditure (e.g., buy a property in T years),
whose current value is normalized at 100, and whose
future value evolves according to a stochastic property
index value. For simplicity, we assumed that house price
increases are perfectly correlated with REIT index returns.
Because real estate prices are only impertectly correlated
with a broad-based REIT index, it would be more accu-
rate to introduce a separate series for the dynamics of real
estate prices; this, however, would induce a degree of
market incompleteness.

Now we will again consider four sets of portfolios:
the AM efhcient portfolios with a short horizon of one
year and a long horizon, T = 5, 10, or 25 years, with an
asset mix that does not include a real estate—related mvest-
ment vehicle; the ALM efhicient portfolios with a focus on
the terminal funding ratio, as opposed to the terminal
wealth level, in the absence of the REIT investable index
(ALM- efficient frontier); and the ALM efhicient portfo-
lios assuming a complete market setting with the REIT

index available in the menu of asset classes (ALM+ efti-
cient frontier). To generate comparable portfolios, we con-
sider the improvement in surplus volatility for a given level
of expected surplus. We find that the presence of assets
allowing investors to span real estate price uncertainty
proves to be a key element in improving the efficient fron-
tiers obtained from an ALM perspective. We also confirm
that a portfolio ethicient in an AM sense is not necessarily
efficient in an ALM sense, and vice versa, as was found in
the context of the pension-related objective.

Exhibit 10 shows the three ethcient frontiers (ALM+,
ALM-, and AM SH) when the hability benchmark is
given by the real estate index, which reflects the investor’s
objective of the acquisition of a real estate property. The
improvement in efficient frontiers obtained from adopting
an ALM perspective 1s even more spectacular than in the
pension-related case. This is presumably due to higher
uncertainty in future house price levels compared to future
inflation levels. These results are presented in Exhibit 11,

ExXHIBIT 11

Efficient Portfolio Summary Statistics, RE-Indexed Returns

Horizon  Low MEDIUM HIGH

(Years) | ALM+ ALM- AMSH | ALM+ ALM- AMSH | ALM+ ALM- AMSH

BlrE] 5.00 5.00 500 | 1000 1000 1000 | 1500  15.00  15.00

| o] 648 1756 1794 | 1368 2131 2160 | 2168 2723 2739

P(FR<1) | 22.14 3883 3904 | 2323 3193 3213 | 2446  29.06 2920

ES 3.16 1121 1145 747 1240 1258 | 1158 1403  15.03

B[r ] 5.00 5.00 500 | 1000  10.00 1000 | 1500 1500  15.00

s | o[rf] 666 2123 2373 | 1403 2586 2827 | 2234 3268  35.17

P(FR<1) | 22,65 40.65 4167 | 2377 3495 3615 | 2508 3233 3351

ES 373 1355 15.10 770 15.19 1662 | 1198  18.08  19.46

Elr7] 5.00 5.00 500 | 1000 1000 1000 | 1500 1500  15.00

o | olrf] 645 2180 2495 | 1354 2631 2961 | 2144 3291  36.71

P(FR<1) | 2195 4092 4203 | 23.02 3521 3676 | 2423 3241 3412

ES 358 1391  15.83 738 1547 1739 | 1143 1820 2029

E[r5] 5.00 5.00 500 | 1000 1000 1000 | 1500 1500  15.00

s | olrf) 628 2204 2567 | 1314 2643 3046 | 2075 3278  37.62

P(FR<1) | 2132 4098 4232 | 2233 3527 3711 | 2349 3234 3452

ES 347 1405 1628 712 1554 1788 | 11.00 1813  20.79

Note. Expected returns, 1 r-," |, and returns volatilities, Olr, |, are annualized percentage values. Shortfall probabilities, P(FR < 1), and annualized expected
shortfalls, ES, are derived from closed-form formulas presented in Equations (21) and (23). Nine different setups are studied. ALM+ refers to the complete
market case in which the investor chooses the weights according to Equation (14) and has access to real estate as an asset class only in the hedging part of her
portfolio; ALM-— denotes the same objective function in incomplete markets, that is, without real estate; and AM SH relates to a situation in which the weights
follow the myopic portfolio rule, assuming that T = 1 year and ignoring the presence of a liability. LOW, MEDIUM, and HIGH refer to ex ante fixed
annualized expected returns on funding ratios of 5%, 10%, and 13%, respectively.
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EXHIBIT 12
Efficient Portfolio Allocations, RE-Indexed Returns

Hortion LOW ~ MEDIUM { HIGH

(Years) ALM+ ALM- AMSH | ALM+ ALM- AMSH | ALM+ ALM- AMSH
Stocks 0.15 0.11 0.13 0.31 0.28 030 | 049 0.47 0.48

Long Bond 0.09 0.44 0.09 0.19 0.52 0.21 0.30 0.61 0.34

| | Commodities | 0.28 0.21 0.25 0.59 0.53 0.56 0.94 0.89 0.91
Real Estate 0.96 0.00 0.00 0.91 0.00 0.00 0.86 0.00 0.00

TIPS 0.56 0.65 0.50 1.17 1.27 1.14 1.86 1.96 1.84

T-Bills -1.03 041 0.02 . 5l ~1.60 ~1.21 -3.45 -2.93 .58

Stocks 0.24 0.33 0.14 0.50 0.61 0.31 0.80 0.93 0.50

Long Bond -0.08 0.64 0.10 -0.17 0.56 0.21 -0.27 0.47 0.35

s | Commodities | 0.24 0.10 0.26 0.51 0.38 0.58 0.81 0.69 0.94
Real Estate 1.02 0.00 0.00 1.04 0.00 0.00 1.06 0.00 0.00

TIPS 0.68 1.34 0.53 1.44 2.14 1.17 2.29 3.07 1.90

T-Bills 21:10 ~1.41 -0.03 22 -2.68 =27 ~3.68 -4.15 -2.69

Stocks 0.31 0.51 0.14 0.64 0.87 0.31 1.02 1.28 0.51

Long Bond -0.12 0.60 0.10 -0.24 0.49 0.22 —0.39 0.35 0.36

o | Commodities |  0.23 0.06 0.27 0.47 0.32 059 | 0.75 0.62 0.96
Real Estate 1.03 0.00 0.00 1.05 0.00 0.00 1.08 0.00 0.00

TIPS 0.68 1.42 0.55 1.43 2.23 1.19 2.26 3.16 1.93

T-Bills =L.12 ~1.59 -0.07 -2.36 -2.91 <131 -3.73 -4.41 2.75

Stocks 0.42 0.67 0.15 0.87 1.16 0.32 1.38 1.72 0.52

Long Bond -0.11 0.67 0.10 -0.23 0.57 0.22 ~0.36 0.45 0.36

7% Commodities 0.21 0.04 0.28 0.44 0.27 0.60 0.69 0.54 0.97
Real Estate 1.03 0.00 0.00 1.06 0.00 0.00 1.10 0.00 0.00

TIPS 0.66 1.41 0.57 1.38 2.19 122 | 218 3.09 1.97

T-Bills -1.21 -1.79 010 2.53 -3.19 -1.36 | -4.00 —4.80 2.8

Note: This exhibit displays the optimal weights allocated to the various asset classes in different contexts. LOW, MEDIUM, and HIGH refer to a target
annualized expected return of 5%, 10%, and 15%, respectively, ALM+ refers to the complete market case, where the investor chooses the weights according to
Equation (14) and has access to real estate as an asset class only in the hedging part of her portfolio; ALM refers to the incomplete market case, where the
investor chooses the weights according to the same formula, but has no access to real estate; and AM SH refers 1o when the weights are chosen following the
myopic portfolio nile, assuming that T = 1 year and, therefore, cannot trade in real estate.

which shows the summary statstics for portfolios on the
efficient frontiers plotted in Exhibit 10. We find that for
a given expected funding ratio level, the decrease in
funding ratio risk (measured in terms of funding ratio
volatility, expected shortfall, or shortfall probability) is sub-
stantial, especially for more risk-averse investors and longer
time horizons. For example, for a 25-year horizon and
the more risk-averse investor, the volatility of the funding
ratio is almost four times higher with the AM SH objec-
tive than with the ALM objective when the REIT index
i1s in the menu of asset classes! As a general comment, we
find that the benefits from the introduction of the lia-
bility-hedging instrument into the menu of asset classes

FaLL 2000

(going from ALM~- to ALM+) generates a marginal ben-
efit that dominates the benefit obtained from replacing
the AM objective with an ALM objective without intro-

ducing a proper hability-hedging instrument (going from
AM to ALM-). Exhibit 12 gives the composition of the

optimal portfolios in the ALM+, ALM—, and AM SH
cases, and again involves a substantial amount of leverage.

CONCLUSION

In this article, we have shown that a significant frac-
tion of the complexity inherent in optimal asset allocation
decisions for private wealth management can conveniently
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be addressed through the introduction of a single addi-
tional state variable, the value of the household lability
portfolio, which accounts in a parsimonious and tractable
way for investors’ specific constraints and objectives. We
have also presented a series of numerical illustrations
showing how the model we have introduced in this article
can be applied in a variety of situations typical to private
wealth management problems.

Our analysis has important potential imphications
for the wealth management industry. It has often been
argued that the proximity to investors is the raison d’etre
of private wealth managers and a key source of compet-
itive advantage. Building on this proximity, private bankers
should be ideally placed to account for their chents’ ha-
bility constraints when engineering an investment solu-
tion for them. Most private bankers implicitly promote an
ALM approach to wealth management. In partcular, they
claim to account for the investor’s goals and constraints.
The technical tools involved, however, are often nonex-
istent or poorly adapted. Although the private chient 1s
routinely asked many questions regarding their current
situation, goals, preferences, constraints, and so forth, the
resulting service and product offerings mostly boil down
to a rather basic classification in terms of risk profiles. In
this article, we have provided a framework that suggests
asset-hability management 1s an essential improvement in
private wealth management, which allows private bankers
to provide their clients with investment solutions and asset
allocation advice that truly meet their needs.

Broadly speaking, our analysis has shown that
adopting an ALM perspective to private wealth manage-
ment generates two main benefits. First, adopting an ALM
approach has a direct impact on the selection of asset classes.
In particular, it leads to a focus on lability-hedging prop-
erties of various asset classes, a focus that is by definition
absent from an asset-only perspective. Second, adopting
an ALM approach leads to defining risk and return in rel-
ative, versus absolute, terms, with the liability portfolio
used as a benchmark, or numeraire. This 1s a critical
improvement over asset-only asset allocation models, which
fail to recognize that changes to asset values have to be
analyzed in comparison to changes in liability values. In
other words, private investors do not have utility over ter-
minal wealth per se, but over the purchasing power of ter-
minal wealth expressed in terms of various investment
and/or consumption goals and objectives, such as preparing
for retirement or preparing for a real estate acquisition.
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Our research can be extended in a number of direc-
tions. First, it would be desirable to incorporate the impact
of taxes in the analysis of optimal asset allocation deci-
sions. Tax optimization is arguably one of the key sources
ot added value 1n private wealth management. It 1s, how-
ever, typically very challenging to account for the detailed
features of tax regulations, which vary significantly across
countries, in the context of a formal optimal allocation
model, especially given that tax treatment depends on
trading behavior and portfolio turnover.” Other elements
left for further research are the introduction of flexible
contribution/withdrawal decisions and the extension of
the asset allocation model to more general forms of state-
dependent optimal allocation strategies. Finally, and per-
haps most importantly, it could be valuable to apply the
ALM approach to private wealth management when the
ivestor has a behavioral objective. One challenge is that
recent advances in behavioral finance, although they pro-
vide very useful insights into investor behavior, do not
provide much guidance toward the design of a formal
normative analysis of optimal asset allocation decisions.
A possible approach would be to capture some of this
complexity by introducing a set of suitably specified
investor-dependent goals and constraints within the stan-
dard expected utility maximization paradigm. These ques-
tions, as well as other possible extensions, are also left for
further research.
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'A notable exception is Wilcox and Fabozzi [2009] who
argue 1n favor of integrating the present value of future saving
and spending plans in the assessment of an investor’s wealth.

“The use of a constant-maturity approach in modeling
TIPS returns is consistent with various investment horizons if
the real yield curve is flat.

*An alternative approach to ordinary least squares (OLS)
for estimating VAR models is the Yule-Walker (YW) method-
ology. This methodology consists of using “presample” observa-
tions of the state vector 2 to estimate the partial autocovariances;
then, the system of the Yule-Walker equations, relating theoret-
ical autocovariances to VAR parameters, is inverted, which gen-
erates estimates for these parameters (see Liitkepohl [1993] for
more details, as well as Stechouwer [2005] for a modified form
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of the YW estimator in which the biased versions of the esu-
mated autocovariances are used). The main reason we prefer
using the OLS estimator is that it is unclear how restrictions on
the model parameters can be implemented when inverting Yule-
Walker equations. Such restrictions are easily taken into account,
however, when the VAR is estimated equation by equation. In
the case of a VAR (1), using the YW approach involves the use
of only one additional pre-sample observation. As a result, even
if we were to estimate an unrestricted form of the VAR model,
differences in the two competing estimation methods would be
expected to be small for larger sample sizes.

‘Note that we omit the time-index  because we assume
a stationary system.

SWith our choice of notation, the weights allocated to risky
assets in the PSP and LHP portfolios have not been normalized
and do not add up to 100%; the remainder is invested in cash.
Hence, we obtain a three-fund separation theorem involving the
PSP and the LHP and the risk-free asset.

tSimilar results could be obtained for a younger investor
who was preparing for retirement by making contributions to
her pension portfolio until her retirement date.

’One key difference 1s that probabilities are taken under
the risk-adjusted measure in an option pricing context and are
taken under the historical measure in a risk parameter estima-
tion context,

*Moreover, most industrialized and developing coun-
tries have tax incentives to encourage retirement savings. Exam-
ples of countries that offer tax-advantaged savings accounts
include Australia, Canada, Germany, Italy, The Netherlands, and
the U.K., and most of these countries permit tax-deductible
contributions.
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